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COMPUTATIONAL  ASPECTS OF MULTILEVEL  TRAJECTORY  OPTIMIZATION CDC 
Ronald D. Sugar ,   Staff   Engineer ,   Space  and  Communicat ions  Group PAPER NO. TA5-5 
Hughes  Aircraf t  Company,  El Segundo, California 
Allen R.  S tubbe rud ,  P ro fes so r  of E lec t r i ca l  Eng inee r ing ,  
Univers i ty  of Cal i forn ia ,  I rv ine ,  Cal i forn ia  
A b s t r a c t  
This  paper  presents  new computa t iona l  resu l t s  in 
mul t i leve l  t ra jec tory  opt imiza t ion .  The  or ig ina l  
formula t ion  of t ra jec tory   decomposi t ion   i s   ex tended  
and  appl ied  to  a d i f f i c u l t   m u l t i p l e   a r c   t r a j e c t o r y  
example,  the low thrust  interplanetary swingby prob-  
lem.  A numer ica l  so lu t ion  i s  ob ta ined  fo r  t h i s  t r a -  
j ec to ry  wh ich  i s  cha rac t e r i zed  by non l inea r ,  t ime  
var ian t  d i f fe ren t ia l  equat ions  and  in te r ior  boundar ies  
and  d iscont inui t ies .  The  t ime domain  decomposi t ion  
of the   t ra jec tory   i s   made   a t   the   boundar ies   be tween 
a r c  s e g m e n t s .  A t h ree  l eve l  op t imiza t ion  h i e ra rchy  
is e m p l o y e d   t o   t r a n s f o r m   t h e   f i r s t   f e a s i b l e   t r a j e c t o r y  
i te ra te  in to  a f inal  solut ion t ra jectory.  This  example 
i s   c h a r a c t e r i s t i c  of a l a r g e   c l a s s  of in te rp lane tary  
swingby problems which defy solut ion by conventional 
computat ional  methods because of mul t ip le  d i scont i -  
nu i t i e s ,  cons t r a in t s ,  and  seve re  numer i ca l  s ens i t i v -  
i t i es .  The  mul t i leve l  approach  appears  to  be  e f fec t ive  
in obtaining a so lu t ion   to   p roblems of this type when 
o the r   more   conven t iona l   me thods   a r e   unsa t i s f ac to ry .  
1 .  Introduction 
The  concept  of t ra jec tory   decomposi t ion   was  
f i r s t   i n t roduced   by   Bauman '   a s  a technique for 
op t imiz ing  t ra jec tor ies  wi th  in te rmedia te  d iscont i -  
nu i t i e s .  T ra j ec to ry  decompos i t ion  r ep resen t s  an  
extension of mult i level  systems theory,  which has  
been  under  deve lopment  s ince  the  ear ly  1960 ' s .  
The   o r ig ina l   work  in   mul t i leve l   theory   i s   due   to  
Mesarovic2*  who was  concerned  wi th  c rea t ing  a 
gene ra l  ma themat i ca l  s t ruc tu re  fo r  t he  s tudy  of 
organiza t ions  and  h ie rarch ies .  Bauman devised  a 
two  leve l   p rocedure   for   op t imiza t ion  of discont in-  
uous   t ra jec tor ies   u t i l i z ing   the   concept  of feas ib le  
decomposi t ion ,  f i r s t  p roposed  for  s ta t ic  sys tems 
by Bros i low,  Lasdon ,  and  Pea r son4  and  then  fo r  
non l inea r   dynamic   sys t ems  by Macko and Pearson. '  
Computa t iona l   exper ience   us ing   t ra jec tory  
decompos i t ion  has  been  l imi t ed .  Th i s  p rob lem 
unfor tuna te ly   pervades   a l l  of mu l t i l eve l   sys t ems  
theo ry   desp i t e  its ex i s t ence   fo r   more   t han  a decade.  
The   p r inc ipa l   r ea son   fo r  a d e a r t h  of computat ional  
r e su l t s   i s   t ha t   wh i l e   t he   mu l t i l eve l   concep t   i s   t heo -  
r e t i ca l ly  appea l ing  fo r  complex  sys t ems ,  t he  numer -  
ical  solut ion of r ea l i s t i c  p rob lems  is genera l ly  a 
fo rmidab le  t a sk .  Thus ,  t he  mul t i l eve l  l i t e r a tu re  
abounds   wi th   theore t ica l   papers   and   papers   t rea t ing  
s imple examples  analyt ical ly ,  but  only a few works  
present ing   computa t iona l   resu l t s   have   appeared  
( see ,   fo r   example ,   Re f s .  1 ,  6,  7,  8, 9, and  10).  
Th i s   pape r   p re sen t s   t he   numer i ca l   so lu t ion  of a 
low  thrust   in terplanetary  swingby  problem  by  means 
of t r a j ec to ry  decompos i t ion .  Th i s  example  i s  r ep re -  
sen ta t ive  of a var ie ty  of fu tu re   unmanned   mi s s ions  
for  explora t ion  of t h e  s o l a r  s y s t e m .  L o w  t h r u s t  
s w i n g b y   t r a j e c t o r i e s   a r e   c h a r a c t e r i z e d   b y   h i g h   i n i t i a l  
va lue  sens i t iv i t ies ,  nonl inear  dynamics ,  and  ( for  a 
s p h e r e  of inf luence model)  intermediate  discont i -  
nu i t i e s .  Desp i t e  t he  in t e re s t  i n  such  t r a j ec to r i e s ,  t he  
difficulty in obtaining numerical  solutions has l imited 
the  resu l t s  publ i shed  to  da te .  Severa l  examples  of 
computat ional   resul ts   which  a t tes t   to   the  diff icul ty  of 
this   problem  are   Refs .   11,   12,  13 ,  and  14.   Because 
of i ts   complexi ty   and  high  numerical   sensi t ivi t ies ,  
t he   swingby   p rob lem  p rov ides   an   exce l l en t   t e s t  of the  
utility of the   mul t i leve l   approach .  
A genera l   decomposi t ion   p rocedure   and   i t s   resu l t -  
ing t h r e e   l e v e l   o p t i m i z a t i o n   s t r u c t u r e   a r e   p r e s e n t e d  
next.  The low thrust  swingby example is then  fo rmu-  
la ted ,  and  resu l t s  a re  g iven  for  a computat ional  ex-  
ample .  Deta i l s  of t he  va r i a t iona l  ana lys i s  l ead ing  to  
t h e   s e t  of decomposed   necessary   condi t ions   may  be  
found in Refs. 9 and 15. 
2 .  Genera l   Decomoosi t ion   Procedure  
Given a s t a t e   space   t r a j ec to ry   cons i s t ing  of N 
d i s t ingu i shab le  a rc s ,  it i s  r e q u i r e d  t o  m i n i m i z e  t h e  
Bolza performance index 
sub jec t   t o   t he   dynamic   cons t r a in t s  
( t i ) ,   t i ]  B 0 
w h e r e  t i  c[t:, , tJ ,  i = 1, , . , , N, t h e  a r c  
boundary  condl t l  ns  
f o r  i = 1 ,  . . , , N, and  the   a rc   coupl ing   re la t ions  
f o r  i = 1,. , . . , N - 1 .  H e r e  xi i s  a u  n vec tor  of 
of con t ro l s ,  t 1  i s  t ime ,  
tr < t?, +' and F' a r e  
sGalar  funct ions,  C' is pi vec tor  of cont ro l  equal i t i es ,  
D' i s  a q i  vec tor  of control  inequal i t ies ,  _S' i s   a n   s i  
v e c t o r  of s ta te   . equa l i t i es ,  x' i s   a n  r i  vec tor  of s t a t e  
inequal i t ies ,  9 is a vi vect0.r of a r c  t e r m i n a l  c o n -  
s t r a i n t s ,  v i  s n + 1 ,  and 2' i s  a n  n + 1 v e c t o r  of 
in te r -a rc  coupl ing  re la t ions ,  
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Necessary   condi t ions   for   op t imiza t ion   a re   gen-  
e r a t e d  by  appending  constraints  (2)  th rough  (9)   to  
t he   pe r fo rmance   i ndex   (1 )  as follows: 
w h e r e  
and  
F o r  J* t o   p o s s e s s  a m i n i m u m ,   i t   i s   n e c e s s a r y  
t h a t   d J S   v a n i s h   f o r   a r b i t r a r y   v a r i a t i o n s  in all its 
a rgumen t s .  Th i s  r equ i r e s  t he  coe f f i c i en t  of e a c h  
per turbat ion quant i ty  to  vanish.  Equat ing these coef-  
f i c i en t s   t o   ze ro   r e su l t s   i n  a s e t  of decomposed   f i r s t  
o rde r   necessa ry   cond i t ions   wh ich   may   be   app l i ed   t o  
e a c h  a r c  a n d  b o u n d a r y .  F o r  a m i n i m u m  t i m e  t r a j e c -  
t o ry   p rob lem,   t he   decomposed   necessa ry   cond i t ions  
may   be   a r r anged   i n   t he   t h ree   l eve l   s t ruc tu re   shown  
i n   F i g u r e  1 ,  with the following groupings: 
LEVEL THREE 
LEVEL TWO 
STATE INTERFACE 
COITROLLER 
TRAJECTORY . . .  ... 
F i g u r e  1. A Three  Leve l  Con t ro l  S t ruc tu re  
Level One Necessary Conditions 
1 1  f - i = Q  (14)  
- c' = 
i 
i 1 t w o   a n d   t h r e e  - ' = sha red   w i th   l eve l s  
- Q = o  - 
L 3 (Clebsch  Condition) 
) 
i 
f o r i =  1, . . . , N , E ~  = \ k N  0. 
Level   Two  Necessary  Condi t ions 
p lus  appropr ia te  components  of Eqs.  (22) and (23).  
Leve l  Three  Necessa ry  Csnd i t ions  
p lus  apprupr ia te  compcnents  of Eqs.  (22) and (23).  
The   th i rd   l eve l   S ta te   In te r face   Cont ro l le r   ad jus t s  
t he   boundary  c mdi t ions  & 1 in o r d e r   t u   d r i v e   t h e  
t r ansve r sa l i t y  cond i t ions  Eqs. ( 2 8 )   a n d   ( 2 9 )   t o   z e r o  
us ing   in format ion   re turned   f rom  be low  on  the p r e -  
vious i terat ion.  The second level  Time Interface 
Cont ro l le r   coord ina tes   the   a rc   endpoin t   t imes ,  
s a t i s f i e s   t h e   i n t e r m e d i a t e   t i m e   t r a n s v . ? r s a l i t y   c o n -  
di t ions of Eq .  (26) ,  and  per forms ad jo in t  var iab le  
r e sca l ing   t o   s a t i s fy   t he   t e rmina l   t ime   t r ansve r sa l i t y  
cond i t ion  fo r  t he  t r a j ec to ry .  The  f i r s t  l eve l  Arc  i 
Cont ro l le rs   per form  independent   op t imiza t ion  of 
each   a r c   sub jec t   t o   t he   boundary   cond i t ions   imposed  
by  the  two h igher  leve l  cont ro l le rs .  The  i te ra t ion  
p rocedure   i s   f ea s ib l e  in   tha t   each   th i rd   l eve l   i t e ra -  
t i on  r e su l t s  in a physically realizable (although 
general ly   non-opt imirn)solut ion  t ra jectory.  
3.  A Low Thrust  Swingby Example 
The   example   t o   be   cons ide red  is a n   E a r t h -  
Jupi te r -Sa turn   cont inuous   low  thrus t   miss ion   i l lus -  
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t r a t e d  i n  F i g u r e  2.  A s p h e r e  of influence model is 
adopted   in   o rder   thac   the   spacecraf t   wi l l   be   a f fec ted  
only by the ;ravity of a s ing le   cen t r a l  body along 
each  a rc .  Th i s  approx ima t ion  i s  u sua l ly  adequa te  
fo r   mi s s ion   p l ann ing   pu rposes l6*  l 7  and   r e su l t s   i n  a 
t r ac t ab le  dynamic  mode l  of t he  t r a j ec to ry .  A p r e c i s e  
numerical   def ini t ion of t he   so -ca l l ed   en la rged   sphe re  
of in f luence  used  here  may be  found in  Ref .  17. 
F i g u r e  2 .  G e o m e t r y  of the Low Thrust  Interplanetary 
Swingby Problem 
The  s t a t e  vec to r  x (x, y. u, v ) ~  c o n s i s t s  of 
two  pos i t ion   var iab les   and   two  ve loc i ty   var iab les   mea-  
s u r e d  in a Car t e s i an  f r ame .  The  con t ro l  va r i ab le  i s  
p (t), t he   t ime   va ry ing   s t ee r ing   ang le   measu red   f rom 
the  ine r t i a l  d i r ec t ionT ,  t he  f i r s t  po in t  i n  Ar i e s .  The  
vec tor  zP(t) = [XT( t ) ,  yP( t ) ,  uP(t), v P ( t ) ] T  r e p r e -  
s e n t s   t h e   s t a t e  of planet P, where  P is rep laced  by  
E f o r  E a r t h ,  J fo r  Ju ip t e r ,  and  S for  Sa turn .  
The   sphe re  of in f luence   model   sugges ts   an  
obvious  decomposition of t h e   t r a j e c t o r y   i n t o   t h r e e  
a r c s .   A r c  1 will  be defined as  the  he l iocent r ic  
s egmen t   be tween   t he   sphe res  of influence of E a r t h  
and  Jup i t e r .  Arc  2 i s  the  p lane tocent r ic  segment  
en t i re ly  wi th in  the  Jupi te r  sphere .  Arc  3 i s  t h e  
h e l i o c e n t r i c   s e g m e n t   f r o m   t h e   J u i p t e r   s p h e r e   e x i t  
po in t  to  the  sphere  of influence of Sa turn .  The  s ta te  
va r i ab le s   and   t he i r   de r iva t ives  a r e  all discont inuous 
a c r o s s   t h e   J u p i t e r   s p h e r e  of influence because of the  
coord ina te   sys t em  swi t ch   and   t he   change  of t he   g rav i -  
ta t ional   constant  of the  central   body.  
. Mathemat i ca l ly ,   t he   p rob lem is t o   s e l e c t  P i ( t i ) ,  
t L c [ t b , t i ] ,  i = 1, 2, 3 such  tha t  the  dura t ion  of flight 
i s  min imized .  
the  motion a r e  
The  d i f fe ren t ia l  equat ions  govern ing  
x = u  mi i 
y = v  
. i  i 
(3  1 
(32 
w h e r e  
and  c i s  a constant  exhaust  veloci ty ,  q i s  a constant  
mass explus ion  ra te ,  mb is  the  vehic le  mass at  tb, 
a L ( t L )  is t h e   t i m e   v a r y i n g   t h r u s t   a c c e l e r a t i o n ,   a n d  pi 
i s   the   g rav i ta t iona l   cons tan t   for   the   cen t ra l   body  of  
a r c  i. The pl, p3 r ep resen t  t he  Sun  and  p2 r e p r e -  
s en t s  Jup i t e r .  
Application of the   necessary   condi t ions   Eqs .   (14) -  
(29)   to   the   above   dynamics   and   assoc ia ted   sphere  of 
influence entry and exit  conditions produces a com-  
p l e t e   s e t  of a r c  and   boundary   re la t ions   for   th i s   p rob-  
lem.9 The next  sect ion presents  computat ional  
a s p e c t s  of the swingby problem. 
4. Numerical  Solut ion of t he  Example  
Cons t ruc t ion  of t h e   t h r e e   l e v e l   p r o c e s s   f o r  a 
g i v e n   n u m e r i c a l   p r o b l e m   r e q u i r e s   t h e   s e l e c t i o n  of 
spec i f i c   a lgo r i thms   t o   pe r fo rm  the   va r ious   op t imi -  
z a t i o n  t a s k s .  T h e  r e q u i r e m e n t s  f o r  e a c h  l e v e l  a r e  
a s  follows: 
Level One 
I t   i s   d e s i r a b l e   t o   s e l e c t   a n   a l g o r i t h m   ( o r   a l g o -  
r i thms)   which   converges   qu ick ly   f rom  var ious   in i t ia l  
r eg ions ,  s ince  each  a rc  eva lua t ion  r equ i r e s  the  com-  
plete   integrat ion of a s e t  of d i f fe ren t ia l   equa t ions ,  
If a n   e x c e s s i v e   n u m b e r  of func t ion   eva lua t ions   a re  
needed,   the   f requent   repet i t ion of t h e   f i r s t   l e v e l   t a s k  
wi l l  use  up  most  of t he  ava i l ab le  compute r  t ime .  If 
a first l eve l   a lgo r i thm fails to   conve rge ,   t he   en t i r e  
mul t i l eve l   i t e r a t ion   p rocedures   comes   t o  a hal t .  
The   op t imiza t ion techn ique   s e l ec t ed   fo r   each f i r s t  
l eve l   con t ro l l e r   i s  a modif icat ion of t he   Marqua rd t -  
Levenberg maximum neighborhood method.  The 
bas ic   t echnique   was  first introduced  by  LevenbergI8 
a n d  later independent ly   by  Marquardt l9   in   connect ion 
wi th   t he   l ea s t   squa res   e s t ima t ion  of non l inea r   pa ram-  
e t e r s .  T h i s  m a t h e m a t i c a l  p r o g r a m m i n g  a p p r o a c h h a s  
t ion   p roblems  by   S ta r r   and   Sugar20   and   by   Armst rong ,  
been   appl ied   recent ly   to   dynamic   t ra jec tory   op t imiza-  
Chi lds ,  and Markos.  21 Considerable  computat ional  
exper imenta t ion  by Wer tz22   has   r e su l t ed   i n   s eve ra l  
modi f ica t ions   to   Marquard t ' s   o r ig ina l   a lgor i thm.  
These  modi f ica t ions ,  embodied  in  a s u b p r o g r a m  
GAUSAUS, r e n d e r   t h e   b a s i c   a l g o r i t h m   m o r e   a d a p t i v e  
to   i r r egu la r   con tour   r eg ions   and  also genera l ly  
acce le ra t e  i t s  conve rgence .  A descr ip t ion  of th i s  
a l g o r i t h m  is provided in Ref. 9. 
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Level Two 
Al l   necessary   condi t ions   ass igned   to   the   second 
l eve l   a r e   s a t i s f i ed   d i r ec t ly   an6   do   no t   r equ i r e   t he  
u s e  of an   i t e r a t ive   a lgo r i thm.  
Level  Three  
With all  lower level conditions satisfied,  the 
th i rd  l eve l  mus t  ad jus t  Gtl to  sa t i s fy  Eqs .  (27) - (29)  
and   t he reby   min imize  J a s  given in  Eq. ( 3 0 ) .  
The  grad ien t  of the   per formance   index   remain-  
ing fo r   t he   t h i rd   l eve l  is 
L 
2 1 
xu0 - 4 l f  
2 1 
Avo - h f  
2 
Ayo - Xyf -7 (;i - A:") 3 2 Yf 
Xf 
3 2 
b o  - Auf 
3 2  
Avo - Xvf 
w h e r e  t1 is fixed. Equation ( 3 7 )  i s  u s e d  in conjunc- 
t ion   wi tg   Eq .   (30)   each   i t e ra t ion   to   se lec t   new  va lues  
f o r  y;, 1.120, vg, y2, u:, vz ,  by  means  of a s t a n d a r d  
gradien t  a lgor i thm.  Deta i l s  of t h e  p r o c e d u r e  a r e  
given in Ref. 9 .  
F i r s t   F e a s i b l e   T r a j e c t o r y  
A f i r s t   f ea s ib l e   swingby   t r a j ec to ry   was   con-  
s t ruc t ed   a f t e r   cons ide rab le   numer i ca l   expe r imen ta -  
t ion .  The  cons t ruc t ion  process  was  guided  by v a r i -  
o u s   p h y s i c a l   c h a r a c t e r i s t i c s   k n o w n   f o r   f r e e   f a l l  
swingby   t r a j ec to r i e s  17 and  by  previous  experience 
wi th  s ing le  a rc  low th rus t  t r a j ec to r i e s .20  The  f i r s t  
f e a s i b l e   t r a j e c t o r y   s a t i s f i e s  all bu t   t he   t h i rd   l eve l  
ad jo in t  condi t ions  ( i . e . ,  the  sphere  of influence 
en t ry   and   ex i t   po in t   t ransversa l i ty   condi t ions) ,   and  
t h u s   r e p r e s e n t s  a physical ly  real izable  (non-op imum) 
solut ion.  The value of t h e   p e r f o r m a n c e   i n d e x   t f i s  
2 . 7 3  y e a r s ,   r e p r e s e n t i n g  a h igh  energy  in te rp lane tary  
m i s s i o n .  T h e  n u m e r i c a l  c h a r a c t e r i s t i c s  of the tra- 
j e c t o r y  a re  given in  Table  1, w i th   d i s t ances   i n   un i t s  
of a s t ronomica l   un i t s ,  time in yea r s ,   and   ve loc i ty   i n  
a u / y r .  T h e  in te rp lane tary  robe  has a n  i n i t i a l  t h r u s t  
to   weight   ra t io  of 2 .  1 x lo-!, ref lect ing  typical   future  
low  thrus t   capabi l i ty .  
Three   Level   I te ra t ion   Sequence  
T h e   f i r s t   f e a s i b l e   t r a j e c t o r y   w a s   u s e d  as  the 
in i t i a l   i t e r a t e   fo r   t he   t h ree   l eve l   op t imiza t ion   p roce -  
dure .  The  behavior  of the p e r f o r m a n c e  J = t3wi th  
l eve l   t h ree   i t e r a t ion   number   i s   shown   in   F igu re  3. f 
2.2 o- 10 15  20 25 30 
LEVEL  THREE  ITERATION NUMBER 
F i g u r e  3.  Behavior  of t he  Pe r fo rmance  Index  wi th  
Level  Three  I te ra t ion  
If an   i t e r a t ion   was   success fu l ,  the s t ep   s i ze   con -  
t ro l   employed   in   the   th i rd   l eve l   g rad ien t   a lgor i thm 
was  inc reased  by  20  pe rcen t .  Th i s  cau t ious  inc rease  
was   necessa ry   t o   p reven t   conve rgence   f a i lu re s   i n   t he  
r e su l t i ng  a rc  op t imiza t ions .  If a s t ep  f a i l ed  to  p ro -  
d u c e   a n   i m p r o v e m e n t   i n  J, o r   caused  a lower   l eve l  
conve rgence   f a i lu re ,   t he   s t ep   s i ze   con t ro l   was   r e -  
duced  by  half   unt i l   an  acceptable   s tep  was  found.  
b e c a m e  v e r y  small beyond the 25th i teration. The 
ma jo r   ga ins   were   ach ieved   on   t he   f i r s t   11   i t e r a t ions .  
T h e   p r o c e d u r e   w a s   t e r m i n a t e d   a t   i t e r a t i o n  29. 
A s  indicated in Figure 3, t h e   i m p r o v e m e n t   i n  J 
The  f ina l  t ra jec tory  i s  shown in  F igure  4. The 
t h r u s t   d i r e c t i o n   a l o n g   e a c h   f r c  is indicated  by  the 
a r rows .  The  va lue  of J = tf 1s 2 .26  yea r s ,  wh ich  
r e p r e s e n t s  a reduct ion of 0 . 4 7  years   in   f l igh t   t ime 
and a propel lant   savings of 86 .7  kg  based  upon  an 
in i t i a l  spacec ra f t  mass of 1000.0 kg. The final t ra-  
j ec to ry   i s   cha rac t e r i zed   by  a s h a r p e r   t u r n   a n g l e  a t  
Jupi ter ,  g iving i t  more energy at  the swingby,  and 
by a Jup i t e r -Sa tu rn   l eg   wh ich   cu rves   away   f rom  the  
sun   under   the   power   o f   the   vehic le ' s   th rus t   in   o rder  
t o   i n t e rcep t   t he   Sa tu rn   sphe re  of in f luence   ear l ie r   in  
the p lane t ' s  o rb i t .  Computer  t ime averaged  41 s e c -  
onds on CDC 6600 equipment  for  each  leve l  th ree  
i t e r a t ion .  The  ma jo r i ty  of t h i s  t ime  was  spen t  i n  
numer i ca l   i n t eg ra t ion   o f   t he   t r a j ec to ry   a r c s .  
THRUST  DIRECTION IS SHOWN 
AT 10 EQUAL  TIME  INTERVALS 
PER ARC. 
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Table 1. Numer ica l  Da ta  fo r  t he  F i r s t  Feas ib l e  Tra j ec to ry  
I I I lvi cE a r t h  4. 52 I454XOE- I Y.  66566570E- 1 -2.31i14'i52EO 2 .56416313E-I  -1.61111090EO 2 .56416313E-1  X. 3664867OEO  6.0i311570EO t , )  ~ 0 . 0  A R C  I J u p i t e r   -3 .80924957E-3  -3.XY273446E-3 - I .  74481653E- 3 5.51264121E.4 9 ' 7 0 6 0 0 6 5 7 E - 1  
- 3 .  90451 l i 5 E O  
-3.4XOB577HEO ti 1 ' 0 2 9 1 3 4 2 9  
4 . 7 4 1  13327E-3  -4.  25'i4484l EU 
-1.58171263EO 
2.6liX5051EO 2.  ' jXi262'~'lEO - 5.43'46'4528F:- 3 
- 2 .  6 2 i 6 4 Q Z i E - 3  
-1.61022OIOE-1 3. 3622'4 I27E-  3 -2.25531645EO 
' (i. 70048ZO?E- I 
I. 20738QiZEO 
.Jupiter 
I .  6'473 I I i 2 E -  3 
- 5 .  17314013EO - 2 .  5310Q574E- I -4.iZXOXOH3EO 
'3 1 ' 3 7 1 3 8 9 4 X  - 1 .  14933X34EO -3.67365X70EO 2.42439379EO 
- 2 .  i0345532EO - I. 29606560EO 
5 .  474981 ' I iE-  I 2 .  17066'4X3EO 
7.73707574E- I 
- 2 .  484i3X34E- - Q .  07906753E- I 
ARC 3 
I I I I S a t u r n  I I I 
- I .  63432643E- I 
- 2.98084076E-  I O  
5. Conclusions 
This   paper   has   demonst ra ted   the   feas ib i l i ty  of a 
t ra jec tory   decomposi t ion   t echnique   for   numer ica l  
solut ion of a d i f f i cu l t   mu l t ip l e   a r c   t r a j ec to ry   example .  
A mul t i leve l   formula t ion   for   min imum  t ime  t ra jec-  
t o r i e s   was   p re sen ted   and   ce r t a in   computa t iona l  
a s p e c t s  of the   example   p roblem  were   inves t iga ted .  
The   pr inc ipa l   conc lus ion   f rom  th i s   s tudy  is tha t  
u s e  of h ie rarch ia l   t echniques   for   the   op t imiza t ion  
of t r a j e c t o r i e s   i s  a usefu l   approach   when  o ther  
more   convent iona l   methods   p rove   inadequate .  
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